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We analyze entanglement swapping (ES) of partially entangled pure states with arbitrary Schmidt
rank from the perspective of quantum state discrimination. It is shown that the standard deter-
ministic ES protocol is related with an optimal minimum-error strategy. In this case the amount of
entanglement of the states resulting from swapping is, in general, lower than the maximum achiev-
able for the quantum channels involved. In this regard, we show that the ES protocol can be
probabilistically improved resorting to optimal maximum-confidence (MC) discrimination strategy.
Additionally, we show that the success probability of achieving entanglement above a prescribed
value from standard deterministic ES can be increased by applying sequential MC measurements.
PACS numbers: 03.67.-a, 03.65.Ud, 03.67.Hk
I. INTRODUCTION
At present, entanglement plays the role of a resource
which allows the implementation of many quantum in-
formation processing tasks. In particular, it has been
applied to quantum computation [1, 2], quantum cryp-
tography [3–6], quantum communications [7], and quan-
tum teleportation [8].
A particularly intriguing property of entangled states is
the possibility of entangling quantum systems that have
never interacted or never had a common past. This pro-
cess, referred to as entanglement swapping (ES) [8, 9],
requires two pairs of maximally entangled systems. One
system of each pair is sent to Charlie, while the two other
systems are sent one to Alice and one to Bob. Afterwards,
Charlie carries out a Bell-state measurement (BSM) on
his pair of systems. This projects Alice’s and Bob’s sys-
tems onto a maximally entangled state irrespectively of
Charlie’s measurement result. Important applications of
ES are quantum repeaters [10], which allow one to gen-
erate entanglement between distant users [11–13], as an
entanglement concentration scheme [14–17], which allows
one to increase probabilistically the amount of entangle-
ment between two parties, and in experimental studies
on nonlocality [9]. Further applications are generation of
Greenberger-Horne-Zeilinger (GHZ) states via multipar-
ticle ES [18, 19], quantum secret sharing [20] and quan-
tum communication protocols [21–25].
Experimental demonstrations of ES have been per-
formed via nuclear magnetic resonance (NMR) quantum
processors [26], trapped ions [27], and photons in the vis-
ible wavelength range [28–31]. Time-bin-based ES was
∗ miguelangel.solis@cefop.udec.cl
also demonstrated at a telecommunication wavelength of
1550 nm [32–35]. At this wavelength, polarization ES
has also been reported [36]. Recently, an experiment
on delayed ES [37] was implemented [38]. Other exper-
imentally demonstrated applications include multistage
ES [39], and generation of GHZ states [40] by means of
ES.
Typically, ES is formulated considering maximally en-
tangled states. However, from the experimental point
of view, maximal entanglement is difficult to generate,
although highly entangled states are feasible. For this
reason ES has been studied assuming partially entangled
states. Initially, the case of two identical partially entan-
gled two-qubit states was considered. In this case the en-
tanglement generated between Alice and Bob equals the
optimal amount of entanglement that could be concen-
trated if one of the initial states were directly distributed
between Alice and Bob [41]. Thereafter, this result was
extended to two different partially entangled two-qubit
states. In this case the entanglement generated between
Alice and Bob corresponds to that which could be con-
centrated from the less entangled of the two states if this
were distributed directly between them [14]. A different
approach was followed by noting the existence of a link
between ES and quantum state discrimination [42]. Here
it was shown that Charlie’s BSM, when implemented via
a generalized controlled-not (c-not) gate [43, 44], gen-
erates sets of nonorthogonal bipartite separable states.
Consequently, these states cannot be deterministically
discriminated. Nevertheless, it is possible to resort to
a particular protocol for quantum state discrimination,
namely unambiguous discrimination (UD) [45–49]. This
scheme allows one to identify nonorthogonal states with
certainty but at the expense of introducing an inconclu-
sive outcome which occurs at a rate that can be min-
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2imized. Thereby, it is possible to distinguish the states
generated by Charlie and to generate a maximally entan-
gled state between Alice and Bob at an optimal discrim-
ination rate which agrees with the optimal concentration
rate and the previously obtained results [14, 41].
The exploitation of the link between ES and state dis-
crimination was limited to a very small class of pairs of
partially entangled states. This limitation arises because
UD exists only for sets of linearly independent states [50],
which restricts strongly the states initially shared by Al-
ice, Bob and Charlie to carry out ES. Here we remove
this restriction and present a complete analysis of ES
when implemented via a pair of different partially entan-
gled states of D-dimensional quantum systems (qudits).
Both states have, in general, different Schmidt rank. In
this case, the generalized c-not gate involved in the BSM
generates several sets of nonorthogonal states. Some of
these sets can be linearly dependent and thus these are
not well suited for UD. However, it has been shown that
linearly dependent states can also be discriminated via
maximum confidence (MC) [51]. In this discrimination
strategy it is necessary to give up the certainty when
identifying the nonorthogonal states and, consequently,
there exists only a certain confidence degree that the
measurement results indicate a particular nonorthogonal
state. Such a confidence degree can be maximized and
achieved with an optimal success probability. In general,
MC corresponds to an optimization problem and, con-
sequently, it lacks of general solutions. Fortunately, in
the case of ES the states generated by the BSM, through
the generalized c-not gate, turn out to be symmetric
and with equal a priori probabilities, for which analyt-
ical solutions in the case of MC are available [52, 53].
Thereby, it is possible to design a ES protocol assisted
by MC (MCaES). This protocol replaces the BSM by the
concatenation of a generalized c-not gate to a stage of
MC discrimination and can be applied to any pair of par-
tially entangled two-qudit states without restrictions on
their rank or Schmidt coefficients. We show that con-
clusive events in MCaES lead to a probabilistic increase
in entanglement and fidelity when compared to the stan-
dard ES protocol. Furthermore, due to some features of
MC it is possible to reuse the postmeasurement states
arising from a failure in the discrimination attempt. In
this case the postmeasurement states can also be dis-
criminated in a second MC stage, which contributes to
increase the possibility to achieve an entanglement or fi-
delity above a prescribed value. This procedure can be
iterated several times depending on the specific values of
the Schmidt coefficients of the states involved in the ES
process. We present numerical simulations which show
that, depending on the Schmidt coefficients of the states
owned by Alice and Bob at the beginning of the protocol
and on the outcomes obtained at other measurements,
one or two additional discriminations after a failed first
attempt can still offer better values for some figures of
merit than by applying the standard process. In conse-
quence, the implementation of a multistage MCaES in-
creases the probability to outperform the standard ES.
This article is organized as follows. We start by briefly
describing an ideal standard ES protocol between max-
imally entangled qudits in Sec. II. Then, in Sec. III, we
discuss the case of ES using two pairs of arbitrary en-
tangled qudits and its relationship with quantum state
discrimination among nonorthogonal states. This prob-
lem is then addressed in Secs. III A and III B, compar-
ing the performance of ES in connection to minimum-
error (ME) and MC, respectively. Section III C intro-
duces the usage of sequential MC measurements applied
to enhance the ES protocol and Sec. IV shows numerical
simulations aimed to understand differences between the
different methods. Finally, Sec. V concludes this work.
II. STANDARD ENTANGLEMENT SWAPPING
PROTOCOL
Let us consider two pairs of particles labeled by 1-2
and 3-4. Each pair is owned by different parties usually
named Alice and Bob. These particles will be described
by two maximally entangled states, each one belonging
to a D ×D-dimensional Hilbert space, as
|Ψ〉1234 = 1√
D
D−1∑
m=0
|m〉1|m〉2 ⊗ 1√
D
D−1∑
n=0
|n〉3|n〉4, (1)
where each bipartite state was written in its Schmidt ba-
sis. We shall assume that the Schmidt basis coincides
with the computational basis for each system. Now, a
third party named Charlie takes one particle from Al-
ice and Bob and performs a BSM on them. This can
be done by applying a Gˆxor operation followed by an in-
verse Fourier transform on particle 2 and projective mea-
surements on the computational basis for particles 2 and
3 [54, 55]. The Gˆxor gate is defined by [43]
Gˆxor23 |m〉2|n〉3 = |m〉2|m	 n〉3, (2)
where, in this case, particles 2 and 3 have been chosen as
control and target, respectively. The symbol 	 denotes
subtraction modulo D. It can be shown that by applying
the Gˆxor23 gate allows one to write the state of the whole
set of particles as
Gˆxor23 |Ψ〉1234 =
1
D
D−1∑
l,u=0
|Ψlu〉14 Fˆ2|l〉2 |u〉3, (3)
where Fˆ2 is the Fourier transform operator acting on sys-
tem 2,
Fˆ =
1√
D
D−1∑
n,q=0
e2piinq/D|n〉〈q|, (4)
and the bipartite states |Ψlu〉14 are a generalization of the
Bell states for qudits. These entangled states are defined
3FIG. 1. Quantum circuit for standard ES protocol. When
|Ψ〉12 and |Ψ〉34 are maximally entangled states, this process
always leads to obtain a maximally entangled state. Condi-
tional unitary corrections can be made by the parties to share
any particular Bell state, as Eq. (5) indicates.
as [44]
|Ψlu〉14 = 1√
D
D−1∑
q=0
e−2piiql/D|q〉1|q 	 u〉4
= Zˆ−l1 Xˆ
−u
4 |Ψ00〉14, (5)
where Zˆ and Xˆ are the phase and shift operators that
operate, on the computational basis, as Zˆ|l〉 = e2piil/D|l〉
and Xˆ|l〉 = |l ⊕ 1〉, respectively. From Eq. (3) it is clear
that Charlie can operate with an inverse Fourier trans-
form on particle 2 and then measure both particles 2 and
3 on the computational basis. Once this has been done,
the state of the particles 1 and 4 will be |Ψl′u′〉14 after
Charlie communicates, via a classical channel, his results
to Alice and Bob. Therefore, it is possible to transform
the state of particles 1 and 4 into a maximally entangled
state even though they were not initially entangled and
never interacted directly. Alice and Bob might want to
share a specific |Ψlu〉 state as the initial states owned
by them. In this case, the parties can apply a phase and
shift operations on their particles conditional to the mea-
surements outcomes obtained by Charlie. The circuit of
Fig. 1 shows an example of the full procedure for this
goal when Alice and Bob want to share the |Ψ00〉 state.
III. ENTANGLEMENT SWAPPING WITH
NONMAXIMALLY ENTANGLED STATES
It has been shown [42] that ES using two pairs ofD×D-
dimensional nonmaximally entangled states is intimately
connected to the problem of discriminating among D
linearly independent states. This work considered two
pairs of different nonmaximally entangled states whose
Schmidt rank is maximal and belong to Hilbert spaces
that have the same dimension D. In the present work
we will consider two pairs of bipartite entangled states
lying in Hilbert spaces whose dimensions, in general, dif-
fer. Their Schmidt ranks are arbitrary and, as well as
the Schmidt coefficients themselves, can differ. Thus, let
|Ψ〉 = |φ〉A|ϕ〉B be the state of this four-particle system,
where |φ〉A and |ϕ〉B are written in their Schmidt decom-
position as
|φ〉A =
DA−1∑
m=0
cm|m〉1|m〉2, (6)
|ϕ〉B =
DB−1∑
r=0
dr|r〉3|r〉4. (7)
The number DA (DB) denotes the dimension of the
Hilbert space spanned by the Schmidt basis of one of the
particles of Alice (Bob). We impose to the coefficients cm
and dn to be real non-negative and normalized. As well
as it was assumed in the previous section, the computa-
tional basis coincides with the Schmidt basis. Following
the standard procedure for ES described above, Charlie
will take particles 2 and 3 to operate with a Gˆxor gate on
them. Although the basis {|m〉2} and {|r〉3} could have
different cardinality, the Gˆxor gate can be still defined.
As it was pointed out by Daboul et al. [56], it is possible
to define a hybrid1 version of the Gˆxor gate for bipar-
tite systems as Gˆxor|m〉C |r〉T = |m〉C |m 	 r〉T , where
0 6 m 6 (DC − 1), 0 6 r 6 (DT − 1), DC (DT ) denotes
the Hilbert space dimension of the control (target) sys-
tem, and 	 denotes subtraction modulo DT . Thereby,
when Charlie applies this gate on particles 2 and 3, the
state of the whole system becomes
Gˆxor23 |φ〉A|ϕ〉B =
1√
DA
DA−1∑
l=0
DB−1∑
s=0
√
ps|Ψls〉14|νls〉2|s〉3,
(8)
where ps =
∑DA−1
m=0 c
2
md
2
m	s is the probability of finding
the third particle in the state |s〉3, and |Ψls〉14 and |νls〉2
are given by
|Ψls〉14 = 1√
DA
DA−1∑
q=0
ω−ql|q〉1|q 	 s〉4, (9)
|νls〉2 =
DA−1∑
m=0
Γmsω
ml|m〉2 = Zˆl2|ν0s〉2, (10)
with ω = exp(2pii/DA), Γms = cmdm	s/
√
ps, and
Zˆ =
∑DA−1
n=0 ω
n|n〉〈n|. Since the states are normal-
ized, the constraint
∑DA−1
q=0 Γ
2
qs = 1 is satisfied. The
bipartite states |Ψls〉14 form an orthonormal basis for
H14 = H1 ⊗ H4 and, when DB > DA, represent maxi-
mally entangled states within subspaces of H14 whose
dimension is Dmin ×Dmin, where Dmin = min(DA, DB).
We shall not study the case DB < DA along this paper
since this case yields states that do not represent the
most entangled states within their subspaces.
1 A hybrid gate is understood as a bipartite gate in which the the
dimension of the control and target Hilbert spaces can differ [56].
4Once Charlie has carried out the Gˆxor operation, he
can measure particle 3 on its Schmidt basis. As a result,
the state of the remaining particles will be given by
|Ξs〉124 = 1√
DA
DA−1∑
l=0
|Ψls〉14|νls〉2, (11)
if the outcome of the measurement is s, which hap-
pens with probability ps. To accomplish the ES pro-
tocol, Charlie must perform a measurement on particle
2 and communicate the result to Alice and Bob in or-
der to determine the state of particles 1 and 4. But
the nonorthogonality of the states |νls〉 is a drawback
for this measurement given that they cannot be always
identified with certainty. So, the problem of ES has been
reduced to discriminate among the states within a set
Ωs = {|νls〉, l = 0, . . . , DA−1}, which are symmetric and
equally likely.2 Since s = 0, . . . , DB − 1, there exist DB
of these sets. The performance of the protocol will de-
pend on which discrimination strategy Charlie will adopt.
This choice depends whether the states to be discrimi-
nated are linearly independent. The linear dependence
of these states can be determined through the determi-
nant of their Gram matrix [Gs]jk = 2〈νjs|νks〉2. From
Eq. (10), we have that
[Gs]jk =
DA−1∑
l=0
Γ2lsω
l(k−j). (12)
Note that Gs is circulant since, from Eq. (12), [Gs]jk =
[Gs]j+1,k+1. In consequence, this matrix can be turned
diagonal, without disturbing its determinant, by apply-
ing a discrete inverse Fourier transform matrix Fˆ−1 on
it. Thus, we obtain
det(Gs) = det(F−1GsF ) = DDAA ×
DA−1∏
j=0
Γ2js. (13)
This determinant is zero if and only if the states used to
calculate it are linearly dependent. Therefore, the states
of a given set Ωs are linearly independent if there is any
vanishing combination c2jd
2
j	s. As an illustrative exam-
ple, if DA = 2, DB = 3 and the only null coefficient
is d2, we will have that det(G0) ∝ c20d20c21d21 6= 0, show-
ing that Ω0 is a set of linearly independent states, and
2 A set of N states {|ψj〉, j = 0, . . . , N−1} is symmetric under the
action of a unitary operator Wˆ if they satisfy the following condi-
tions: |ψj〉 = Wˆ |ψj−1〉 = Wˆ j |ψ0〉, and Wˆ |ψN−1〉 = |ψ0〉. From
Eq. (10) we can note that the states |νls〉, for any fixed value of
s, form a set of DA symmetric states under the action of the op-
erator Zˆ. These states are equally likely because the reduced
density operator of system 2—from the state of Eq. (11)—is
ρˆs =
1
DA
∑DA−1
l=0 |νls〉〈νls|, having each state the same a pri-
ori probability 1/DA.
det(G1) ∝ c20d21c21d22 = 0 = det(G2), indicating that both
Ω1 and Ω2 contain linearly dependent states. This ex-
ample shows that for certain pairs of initially entangled
states |φ〉A and |ϕ〉B we can obtain sets of both linearly
independent and linearly dependent states conditional to
the obtained outcome of the measurement on particle 3.
An interesting point can be discussed here: The bipar-
tite system of the aforementioned example can also be
considered as an effective D′A ×D′B = 2 × 2 system. In
such a case, two sets Ω′0 and Ω
′
1 are obtained, contain-
ing two linearly independent states each one. A natural
question that arises is about the difference between these
two approaches. The answer can be found by looking at
the space where the Gˆxor23 gate acts on. If it is possible
for Charlie to adapt his quantum gate to make it act only
on the effective bipartite Hilbert space (in this case, the
2 × 2-dimensional subspace), we can consider the latter
approach. Otherwise, if his gate has been predesigned to
act on arbitrary vectors lying on a DA×DB-dimensional
bipartite space, the first approach should be considered.
Recapitulating, Eq. (11) shows that the ability of dis-
criminating among a set of nonorthogonal states in an
optimal way is essential to carry out an optimal ES pro-
tocol when the initial entangled states are not maximally
entangled. Many discrimination strategies have been de-
veloped so far [57, 58] and the one Charlie will apply
depends on which type of ES protocol he, together with
Alice and Bob, agreed to implement beforehand. In the
following, we shall analyze two protocols. First, we con-
sider that ES is implemented deterministically. In this
case, we show that Charlie must apply ME strategy. Sec-
ond, we consider a probabilistic protocol where the goals
are to maximize the entanglement of the final state and
the success probability of doing so. In this case, we show
that Charlie must apply optimized MC measurements.
A. ES assisted by ME discrimination
In quantum state discrimination an observer aims at
identifying states generated by a source. The set of states
and generation probabilities are known by the observer
beforehand. This must design the optimal identification
strategy according to a predefined figure of merit. The
case of a set formed by orthogonal states is the sim-
plest one since the measurement of an observable suffices
to identify all states deterministically and conclusively.
Nonorthogonal states cannot be identified in this form
and, consequently, different techniques are required. In
the particular case of ME we are interested in minimizing
the probability of erroneous identification on average or,
equivalently, to achieve a maximal probability to make
correct assignments about input states from the mea-
surement results [59, 60]. The explicit form of the pos-
itive operator-valued measure (POVM) that allow this
class of discrimination among equally likely symmetric
states is known [61, 62]. In the scenario described above,
it consists of an inverse Fourier transform acting on a
5FIG. 2. Quantum circuit for ES protocol assisted by ME
discrimination. The operations remain the same ones of the
standard protocol, but the final shared state is not maximally
entangled. When Alice and Bob want to obtain a closer state
to |Ψ00〉, the best they can do is to correct the state through
the operations Zˆ1 and Xˆ4.
DA-dimensional Hilbert space followed by a projective
measurement on system 2 onto the computational basis
of this space. Therefore, the implementation of optimal
ME strategy is equivalent to carry out the standard ES
protocol described in Sec. II, as depicted in Fig. 2. Using
Eqs. (4), (10), and (11), this procedure leads the state of
systems 1 and 4 to be transformed into
|Φms〉14 = 1√
DA
DA−1∑
l=0
(
DA−1∑
n=0
ωn(l−m)Γns
)
|Ψls〉14.
(14)
which is a superposition of maximally entangled states
and reduces to |Ψms〉 when |φ〉A and |ϕ〉B are maximally
entangled states.
To quantify the entanglement of bipartite pure states
|Ψ〉14 we make use of the linear entropy of one of the
reduced density matrices,
E(|Ψ〉14) =
[
1− tr (ρˆ21)]DA
DA − 1 =
[
1− tr (ρˆ24)]DA
DA − 1 , (15)
where ρˆ1 (ρˆ4) is the reduced density operator of system
1 (system 4). This function satisfies the necessary condi-
tions for an entanglement measure [63] and is the square
of the I-concurrence [64]. This measure adopts values
between 0 and 1. Hence, the entanglement of |Φms〉14
characterized by the measure function of Eq. (15) is
EMEms =
DA
DA − 1
(
1−
DA−1∑
q=0
Γ4qs
)
. (16)
Additionally, after obtaining the outcomes m and s in
the measurement of systems 2 and 3, respectively, Charlie
could assume that the shared state is closer to the state
|Ψms〉14 than to the other maximally entangled states
of Eq. (9). Accordingly, he could compute the fidelity
between the state (14) and the maximally entangled state
|Ψms〉 generated in a perfect ES protocol. Doing so he
will obtain
FMEms = |14〈Ψms|Φms〉14|2
=
1
DA
(
DA−1∑
q=0
Γqs
)2
. (17)
These figures of merit were calculated considering any
particular outcome of the measurements on particles 2
and 3. Note that their values depend on the index s
that determines the set of symmetric states to be dis-
criminated and not on the index m that labels the states
within a certain set. Indeed, these figures depend on
the modulus of the complex coefficients of the states to
be discriminated, which adopt the same values for ev-
ery vector within a given set. Following the example of
Fig. 1, assume that Alice and Bob would like to share a
|Ψ00〉 state. Since |Φms〉 is not maximally entangled, the
best they can do is to transform this state into a closer
one to the desired state. From Eqs. (9) and (14) we have
that
14〈Ψms|Φms〉14 = 14〈Ψ00| Zˆm1 Xˆs4 |Φms〉14, (18)
which can be interpreted as a preservation of the fidelity
of Eq. (17), respect to the state |Φ00〉, when Alice ap-
plies Zˆm1 and Bob applies Xˆ
s
4 on |Φms〉, as Fig. 2 shows.
Since these operations are unitary and local, they do not
modify the obtained entanglement.
An interesting quantity is the average of these figures of
merit over every possible attainable result (m, s), which
gives us an overall figure of merit of ES assisted by ME
discrimination. We define the average entanglement as
the sum of the entanglement obtained at each combi-
nation of s and m weighted by the total probability of
having obtained this pair of outcomes. Then, considering
Eq. (16), we have
〈EME〉 = DA
DA − 1
(
1−
DB−1∑
s=0
ps
DA−1∑
q=0
Γ4qs
)
, (19)
where ps and Γqs are given below Eqs. (8) and (10), re-
spectively. Analogously as it was done with the entan-
glement, the average for the fidelities of Eq. (17) is given
by
〈FME〉 = 1
DA
DB−1∑
s=0
ps
(
DA−1∑
q=0
Γqs
)2
. (20)
Let us note that ES assisted by ME is a deterministic
process since ME always succeed in spite of the fact that
the final state is not maximally entangled.
B. ES assisted by MC discrimination
Now, assume that Charlie, in agreement with Alice and
Bob, will apply MC strategy for the discrimination of the
6states |νls〉 in Eq. (10).3 This is a probabilistic process
that leads to conclusive events, which allows one to iden-
tify the state with the maximum achievable confidence,
and inconclusive events, in which such attempt fails [51–
53]. Therefore, when MC measurements are applied to
the ES protocol the parties are aware of the chance of fail-
ure. However, as we show in this section, where only con-
clusive (or successful) events in the discrimination pro-
cess are considered, both entanglement and fidelity are
larger than the ones achieved in the deterministic pro-
tocol described above. Besides, these figures of merit
depend only on the number of nonvanishing coefficients
of the states |νms〉 for every given result (m, s).
The optimal POVM for discriminating among equally
likely symmetric states via MC has been derived in
Ref. [52]. In order to implement it, Charlie must in-
troduce a two-dimensional ancillary system (ancilla) ini-
tially prepared in the state |0〉a. In the first step, condi-
tional to the outcome s in the measurement of system 3,
he applies a unitary operation Uˆ2a that couples system 2
and ancilla as
Uˆ
(s)
2a |νls〉2|0〉a = Aˆ(s)succ|νls〉2|0〉a + Aˆ(s)? |νls〉2|1〉a, (21)
where the operators Aˆ
(s)
succ and Aˆ
(s)
? are defined as
Aˆ(s)succ =
DA−1∑
q=0
γs
Γqs
yqs|q〉2〈q|, (22)
Aˆ
(s)
? =
DA−1∑
q=0
√
1− γ
2
s
Γ2qs
yqs|q〉2〈q|, (23)
with γs = min{Γjs : 0 6 j 6 DA − 1 and Γjs 6= 0}, and
Aˆ
(s)†
succAˆ
(s)
succ + Aˆ
(s)†
? Aˆ
(s)
? = 1ˆDA . We have defined yqs and
1/Γqs such that
yqs =
{
1 if Γqs 6= 0
0 if Γqs = 0
, (24)
yqs
Γqs
=
{
1
Γqs
if Γqs 6= 0
0 if Γqs = 0
. (25)
As a consequence of Eq. (21), assisting the ES protocol
via MC is equivalent to performing a probabilistic map
on the tripartite states (11) whose result is determined
by the state in which the ancilla is found. In general
3 Since the linear dependence of the states |νls〉 can vary for every
set of states Ωs, the UD strategy cannot be employed here as a
general rule. Nevertheless, MC reduces to UD when the states to
be discriminated are linearly independent [57]. Moreover, it has
been reported that probabilistic enhancements of other quantum
protocols can be obtained when this class of measurements is
applied as, for instance, quantum state teleportation via pure
nonmaximally entangled states [65, 66].
FIG. 3. Example of ES assisted by MC measurements. Alice
and Bob can apply unitary transformations Zˆ1 and Xˆ4 in
order to obtain a state closer to |Ψ00〉. This diagram considers
a successful MC discrimination as the ancilla was found in the
state |0〉.
terms, this map is given by
Uˆ
(s)
2a |Ξs〉124|0〉a =
√
p
(s)
succ/DA
DA−1∑
l=0
|Ψls〉14|uls〉2|0〉a
+
√
p
(s)
? /DA
DA−1∑
l=0
|Ψls〉14|ν′ls〉2|1〉a,
(26)
where the states |uls〉2 and |ν′ls〉2 are defined as
|uls〉2 = 1√Ns
DA−1∑
q=0
yqsω
ql|q〉2, (27)
|ν′ls〉2 =
1√
p
(s)
?
DA−1∑
q=0
yqsω
ql
√
Γ2qs − γ2s |q〉2, (28)
respectively, and
p(s)succ = Nsγ2s = 1− p(s)? , (29)
where Ns =
∑DA−1
q=0 yqs is the number of nonvanish-
ing coefficients Γqs. The quantity p
(s)
succ (p
(s)
? ) represents
the maximum (minimum) probability of obtaining a con-
clusive (inconclusive) result. The first step of Charlie’s
measurement on system 2 is accomplished by measur-
ing the ancilla on the computational basis. When it is
found in |0〉a, the measurement is considered successful
(or conclusive). In this case, the second and final step of
the MC measurement comprises a ME measurement [52],
i.e., Charlie applies an inverse Fourier transform on the
state |uls〉 followed by a projective measurement onto the
computational basis, both acting on a DA-dimensional
Hilbert space. Using Eqs. (4), (26), and (27), and assum-
ing that he obtained the mth outcome when he measured
system 2, this procedure leads the state of systems 1 and
4 to be transformed into
|Υms〉14 = 1√NsDA
DA−1∑
l=0
[
DA−1∑
n=0
ynsω
n(l−m)
]
|Ψls〉14.
(30)
7Figure 3 shows a simplified quantum circuit explaining
the process that integrates MC measurements for assist-
ing the ES protocol. The entanglement of this state is,
according to Eq. (15),
EMCms =
DA
DA − 1
(
1− 1Ns
)
. (31)
On the other hand, the fidelity of this state respect to
the ideal maximally entangled one generated in a perfect
ES protocol [see Eq. (9)] is
FMCms = |14〈Ψms|Υms〉14|2 =
Ns
DA
. (32)
Thus, when the number of non-zero coefficients of
|νls〉2 is equal to DA, we obtain EMCms = 1 and FMCms = 1,
which are the maximum values attainable for these quan-
tities, reproducing the results found in Ref. [42].
It is noteworthy that the results of Eqs. (31) and (32)
depend on the number of nonvanishing coefficients Γms
of the states |νls〉 of a given set s resulting from a mea-
surement on system 3. There is no dependence on their
numerical values themselves as in the case of a deter-
ministic protocol [see Eqs. (16) and (32)]. This is a nice
feature of MC measurements among equally likely sym-
metric states, where our confidence for identifying each
state in the set depends only on the dimension of the
subspace spanned by the states (Ns) and the number of
states in the set (DA), through the ratio Ns/DA [52, 53].
Comparison between ME and MC for the figures of merit E
and F
First, we can compare the fidelity between the actu-
ally obtained entangled state and the ideal maximally
entangled state from a perfect ES protocol for both dis-
crimination strategies. Although this is not properly an
entanglement measure, it is interesting to analyze how
close Alice and Bob are to sharing such ideal state. From
Eq. (17) we have that
FMEms =
1
DA
∣∣∣∣∣∑
q
Γqs
∣∣∣∣∣
2
=
1
DA
‖|ν0s〉‖21, (33)
where the symbol ‖·‖1 denotes the `1-norm of a vector. It
can be shown, aided by the Schwarz inequality, that the
`1-norm and the usual `2-norm induced by the canonical
Hermitian product, which we shall denote by ‖ · ‖2, must
satisfy ‖u‖1 6
√
n‖u‖2 for every vector u belonging to
the Hilbert space, where n is the number of nonvanishing
coefficients of u. For the states |ν0s〉, n will coincide with
Ns. This inequality, according to Eq. (32), implies that
FMEms 6
1
DA
(√
N s‖|ν0s〉‖2
)2
=
Ns
DA
= FMCms . (34)
Now, we are going to compare the entanglement be-
tween these two techniques. Let us define an auxiliary
vector g such that
gs =
DA−1∑
q=0
|Γqs|2eq, (35)
This definition implies that ‖g‖21 = 1 and ‖g‖22 =∑DA
q=0 |Γrs|4. From Eq. (16), we have that
EMEms =
DA
DA − 1
(
1−
DA−1∑
q=0
|Γqs|4
)
=
DA
DA − 1
(
1− ‖gs‖22
)
. (36)
Since ‖gs‖2 > ‖gs‖1/
√Ns = 1/
√Ns and taking Eq. (31)
into account, it can be proven that
EMEms 6 EMCms . (37)
The above results show that a conclusive event in ES
assisted by MC leads us to obtain bipartite states with
equal or higher entanglement and fidelity than the ones
attainable through the standard procedure—in which ES
is assisted by ME discrimination—for each possible pair
of outcomes (m, s). Nevertheless, this advantage is at-
tained at the expense of moving from a deterministic
process to a probabilistic one.
C. Multistage MC assisted ES
Unlike UD, quantum state discrimination via MC can
be continued after a failed discrimination attempt [52].
In this way, we can analyze the potential improvements of
the ES protocol under these circumstances. For this pur-
pose, let us consider that after applying the unitary oper-
ation (21), Charlie’s measurement on the ancilla projects
it onto |1〉a. In this case, the state of system 2 is mapped
on the states |ν′ls〉2 given by Eq. (28). These states form
a new set of equally likely symmetric states which, how-
ever, span a smaller subspace than the one spanned by
the initial |νms〉 since the former have, at least, one ad-
ditional null coefficient. Thus, they are amenable to a
new stage of MC measurement as described above. This
can be useful when Alice, Bob, and Charlie have limited
resources (entangled states) and cannot afford simply dis-
carding the particles after a failed attempt.
The procedure when Charlie fails in the first MC dis-
crimination attempt is to prepare again an ancilla in |0〉a
to be coupled with system 2 afterward, followed by a
measurement on the ancilla that will determine whether
this new attempt was conclusive. In the conclusive case,
an inverse Fourier transform and a standard projective
measurement on the computational basis are performed
on system 2. In case of a new failure, the obtained states
after two failed attempts can be either discriminated with
81
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FIG. 4. A simplified scheme of SMC measurements. The system carrying the state |ν(0)ls 〉 to be discriminated is made interact
with a two-dimensional ancilla. Afterwards, the ancilla is measured onto the computational basis. When the measurement fails
(“1”), states |ν(0)ks 〉 are mapped on |ν(1)ks 〉 and additional stages can be implemented attempting to extract the most confident
remaining information until the maximum number of MC stages is reached. If the process continues failing, the states are
mapped onto |ν(β)ks 〉 according the number β of employed MC stages increases. When the process succeeds (“0”) at any given
βth stage, the states |ν(β−1)ks 〉 are mapped on |u(β)ks 〉, which will be discriminated through ME.
ME or, when possible, with an additional MC procedure
(i.e. by coupling with an ancilla and subsequent measure-
ment on it). This gives rise to the sequential maximum-
confidence (SMC) measurements, as shown in Fig. 4. For
this strategy, we shall define some helpful quantities to
describe the coefficients and probabilities of the proba-
bilistically transformed states. First, an additional label
β will be introduced to indicate how many MC stages
have been passed through. Then, for β > 1, we define
the parameters
Γ(β)qs =

(
Γ
(β−1)
qs
)2
−
(
γ
(β−1)
s
)2
1−N (β−1)s
(
γ
(β−1)
s
)2

1/2
, (38a)
γ(β−1)s = min
{
Γ(β−1)qs : Γ
(β−1)
qs 6= 0
}
, (38b)
|ν(β)ls 〉 =
DA−1∑
q=0
y(β−1)qs Γ
(β)
qs ω
ql|q〉, (38c)
|u(β)ls 〉 = 1√N (β−1)s
DA−1∑
q=0
y(β−1)qs ω
ql|q〉, (38d)
y(β−1)qs =
{
1 ; Γ
(β−1)
qs 6= 0
0 ; Γ
(β−1)
qs = 0
, (38e)
N (β−1)s =
DA−1∑
q=0
y(β−1)qs . (38f)
The interpretation of these parameters is as follows:
Γ
(β)
qs are the coefficients of the states |ν(β)ls 〉 to be discrim-
inated after β failed MC attempts and γ
(β)
s is the smallest
among them. The states |u(β)ls 〉 correspond to the states
obtained after β − 1 failed MC attempts and a last suc-
cessful MC operation. The binary parameter y
(β−1)
qs con-
tains information about the non-nullity of each Γ
(β−1)
qs
and indicates which coefficients of the states |ν(β)ls 〉 will
not vanish. Finally, N (β−1)s is the total number of nonva-
nishing coefficients of these states.4 The implementation
of each βth stage requires an ancilla prepared in |0〉a and
a new bipartite unitary operation such that
Uˆ
(s,β)
2a |ν(β−1)ls 〉2|0〉a =
√
p
(s,β)
succ |u(β)ls 〉2|0〉a
+
√
1− p(s,β)succ |ν(β)ls 〉2|1〉a, (39)
where
p(s,β)succ = N (β−1)s
[
γ(β−1)s
]2
, (40)
represents the probability of having a conclusive event
in the βth stage. Since the measurements are performed
only on the ancilla, the original system 2 and its quantum
state will not be destroyed along this process until a final
ME discrimination measurement is carried out at any
chosen stage.
In addition to the parameters defined above, we must
bear in mind the multiplicity of the coefficients in the
states to be discriminated. For this purpose, let us
consider—only for now—a rearrangement of the coeffi-
cients of the fiducial states |ν0s〉 such that they look in-
creasingly ordered. Since we will have ns 6 DA different
values for the coefficients (degeneracy decreases this num-
ber), it will be necessary to define µws as the multiplic-
ity of the w-th smallest value for the state |ν0s〉, where
w = 1, . . . , ns. For instance, µ1s will be the multiplic-
ity of the smallest coefficient, µ2s will correspond to the
second-smallest coefficient multiplicity, and µnss will in-
dicate how many times the largest coefficient is repeated.
Clearly,
∑ns
w=1 µws = Ns and
∑ns
w=1+β µws = N (β)s . Re-
capitulating, as the circuits of Fig. 5 show, Charlie has
measured system 3 and found it in the state |s〉3. He
knows that the state of system 2 is one among the states
|νls〉, with s determined by his previous measurement.
4 Furthermore, in terms of previously defined quantities, we can
regard |νls〉2, yqs, Γqs, and Ns as corresponding for β = 0, mean-
while |ν′ls〉2 and |uls〉2 are for β = 1
9FIG. 5. ES circuit assisted by sequential maximum-confidence (SMC) measurements. (a) Charlie attempts to discriminate
among the set {|νms〉} after having measured on particle 3. The bipartite unitary operation Uˆ (s,1)2a and the measurement on the
ancilla yield two options, j = 0, 1. Unitary operations made by Alice and Bob allow us to bring the final shared state closer to
|Ψ00〉 if required. (b) If the process were successful, when j = 0, the final step of the discrimination is performed and only the
β = 1 stage of MC measurements was needed. (c) When j = 1, Charlie can try again to discriminate, although less confidently,
by an additional MC stage. (d) For any βth stage, in case of success, Charlie can apply ME discrimination among the states
|u(β)ks 〉 and report the result. (e) In case of failure at the βth stage, it is possible to try to discriminate again via MC, having
used β + 1 stages at least. (f) When the number of employed stages reaches the maximum chosen value βMs , despite having
success (j = 0) or not (j = 1), ME can be applied.
According to his goals, he can now perform ME dis-
crimination, which coincides with the standard proto-
col, or perform SMC measurements where the number
of stages will be determined by a certain minimum value
required for entanglement or fidelity. As we have previ-
ously shown, implementing MC starting from the states
|νls〉 enables, in the successful case, to map these states
onto the |u(1)ls 〉 ones [Fig. 5(b)] and to swap with entan-
glement ∝ (1 − 1/Ns) and fidelity Ns/DA. In case of
failure, the states |νls〉 will be mapped to |ν(1)ls 〉. Since
these states are also symmetric and equally likely, anal-
ogous physical deductions hold. Then, a second MC
measurement [Fig. 5(c)] yields, when successful, entan-
glement ∝ (1−1/N (1)s ) and fidelityN (1)s /DA after having
applied Fˆ−1 and a standard measurement. Otherwise, in
case of failure, Charlie obtains the states |ν(1)ls 〉 mapped
onto |ν(2)ls 〉. This process can be repeated ns − 1 times
at most or even fewer times if Charlie chooses to apply
ME in an intermediate stage and stop performing MC
or simply stopping discriminating at all. So, when the
βth MC measurement is successful, the obtained entan-
glement and fidelity will be5
E(β)ms =
DA
DA − 1
(
1− 1
N (β−1)s
)
, F (β)ms =
N (β−1)s
DA
.
(41)
5 Let us note that, according to the notation used in Eq. (41),
we can associate EMCms = E(1)ms, EMEms = E(0)ms, FMCms = F(1)ms, and
FMEms = F(0)ms.
Since
∑ns
w=1+β µws = N (β)s , these quantities can be writ-
ten in terms of the multiplicities defined for the coeffi-
cients of the fiducial states. So, the entanglement can be
written as
E(β)ms =
DA
DA − 1
1− 1ns∑
w=β
µws
 , (42)
and the fidelity as
F (β)ms =
1
DA
ns∑
w=β
µws, (43)
respectively. In addition, the SMC measurements can
increase the probability of succeeding in carrying out the
ES protocol outperforming the standard procedure. If
βMs is the maximum number of SMC stages for a given
value of s, the total probability of having had success
before reaching the (βMs + 1)-th stage is
p
(s, 6βMs )
succ =
βMs∑
ξ=1
p(s,ξ)succ
ξ−1∏
λ=1
(
1− p(s,λ)succ
)
. (44)
Then, Charlie can establish a threshold for either en-
tanglement or fidelity to be achieved as a minimum.
Equations (42) and (43) allow him to decide how many
SMC stages it is worth to implement according to the
previously obtained result for |s〉3 and decide a maximum
number βMs of stages. This process has a success proba-
bility given by Eq. (44). Finally, ME can be implemented
when any of the stages yield a successful result [Fig. 5(d)]
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FIG. 6. (Color online) A simulation of the attainable entanglement (upper panels) and fidelity (lower panels) via ME (curved
surface) and MC (horizontal planes) for DA = 4 and DB = 5. The parameters c0 and d0 are free. We have set c1 = 0.2811,
c2 = 0.3790, d1 = 0.3220, d2 = 0.2064 and d3 = 0. Coefficients c3 and d4 are obtained by normalization.
or, in case of a failed operation and depending on exper-
imental resources, Charlie can choose whether continue
attempting through MC measurements [Fig. 5(e)] or to
implement ME at the last allowed MC stage [Fig. 5(f)], or
simply to discard the current systems and reattempt the
process with a new couple of entangled pairs. Unless the
latter option were chosen, Alice and Bob can apply uni-
tary operations on their particles in a pursuit of having a
state closer to the state |Ψ00〉14, as Fig. 5(a) shows, after
a pair (m, s) of outcomes is obtained and communicated.
Additionally, as was done with the ME strategy, the
entanglement and fidelity can be averaged over every at-
tainable result of the several measurements along the se-
quential process. Then, as a function of the maximum
number βMs of stages implemented, the average entangle-
ment and fidelity of the shared states is
〈
E(β
M
s )
MC
〉
=
DB−1∑
s=0
ps

p(s,1)succ E(1)0s +
βMs∑
β=2
β−1∏
ξ=1
(
1− p(s,ξ)succ
) p(s,β)succ E(β)0s +
 βMs∏
β=1
(
1− p(s,β)succ
)
[
1−
DA−1∑
q=0
(
Γ
(βMs )
qs
)4]
(DA − 1)/DA

,
(45)
〈
F(β
M
s )
MC
〉
=
DB−1∑
s=0
ps

p(s,1)succ F (1)0s +
βMs∑
β=2
β−1∏
ξ=1
(
1− p(s,ξ)succ
) p(s,β)succ F (β)0s +
 βMs∏
β=1
(
1− p(s,β)succ
)
[
DA−1∑
q=0
Γ
(βMs )
qs
]2
DA

, (46)
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FIG. 7. (Color online) A simulation of the total probability
[Eq. (44)] of swapping with higher entanglement (upper pan-
els) and higher fidelity (lower panels) than the ones attainable
by the standard protocol when the maximum number of al-
lowed MC stages is increased. The same Schmidt coefficients
pointed out in Fig. 6 were used.
where we have included the last failed attempt at the
βMs th stage. When this occurs, the states |νls〉 are
mapped on the |νls(β
M
s )〉 ones, and the associated fig-
ures of merit are analogous to the ones written in Eqs.
(16) and (17) when ME is applied among them.
IV. NUMERICAL RESULTS
In order to test this probabilistic protocol, numerical
simulations have been carried out. The results are shown
in Fig. 6. We have considered two parties (DA = 4 and
DB = 5) whose Schmidt coefficients have been fixed as
c1 = 0.2811, c2 = 0.3790, d1 = 0.3220, d2 = 0.2064 and
d3 = 0. The coefficients c0 and d0 are free and the nor-
malization of the entangled states constrain the possible
values of c3 and d4. It can be seen that, depending on
the found value of s and the features of the initial quan-
tum channels, even a 3-stage MC implementation could
lead to figures of merit surpassing the ones attainable by
the standard protocol, as shown for s = 1. For the other
values of s, the third stage will lead to factorized states
and no entanglement is transferred at all. The reason
for this behavior is that the states |νls〉 for these cases
are already linearly dependent. Unlike s = 1 in which
βM1 = DA − 1 stages can be set up for some Schmidt
coefficients, for the other values of s there exist fewer
possible MC stages that worth implementing to obtain
information about the states |νls〉. In these cases, how-
ever, a two-stage MC implementation can still lead to
shared entangled states between Alice and Bob and, de-
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FIG. 8. (Color online) A simulation of the overall average en-
tanglement (upper panels) and fidelity (lower panels), consid-
ering every possible outcomes combination, when the number
of MC stages implemented increased, i.e., βMs = 1, 2, and 3,
for every s. The Schmidt coefficients are the same used for
Figs. 6 and 7.
ME
c0
d 0
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
1 MC stage
c0
d 0
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
2 MC stages
c0
d 0
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Average Entanglement
3 MC stages
c0
d 0
 
 
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
ME
c0
d 0
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
1 MC stage
c0
d 0
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
2 MC stages
c0
d 0
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
0.3 0.35 0.4 0.45 0.5 0.55 0.6
Average Fidelity
3 MC stages
c0
d 0
 
 
0.2 0.4 0.6 0.8
0.2
0.4
0.6
0.8
FIG. 9. (Color online) A simulation of the overall average
entanglement (upper panels) and fidelity (lower panels), con-
sidering every possible outcomes combination, when the max-
imum number of MC stages allowed at most is increased. Un-
like the results shown in Fig. 8, the number of discrimination
stages is chosen for every value of s subject to βMs 6 1, 2,
and 3, respectively, in order to optimize the averages. The
Schmidt coefficients are the same used for Figs. 6–8.
pending on the initial Schmidt coefficients, to probabilis-
tically outperform the standard protocol. Note that the
number of MC stages that surpass the performance of
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FIG. 10. (Color online) A simulation of the overall average,
concerning only the successful cases, of entanglement (upper
panels) and fidelity (lower panels), considering every possible
outcomes combination, when the maximum number of MC
stages allowed at most is increased. As for the results shown
in Fig. 9, the number of discrimination stages is set for every
value of s subject to βMs 6 1, 2, and 3, respectively, optimizing
the averaged figures of merit. The Schmidt coefficients are the
same as those used for Figs. 6–9.
the standard procedure can vary, for the same Schmidt
coefficients, depending on the value of s. Then, Charlie
can use this class of information to determine the number
βMs of necessary stages for each case.
Besides having additional chances, the probability
shown in Eq. (44) of swapping with improved figures of
merit than the standard protocol can also be increased
when we allow more MC stages to be implemented, as
Fig. 7 shows. Note that, for this example, the probabil-
ity of having the entanglement or the fidelity enhanced
is either unchanged or increased according the number of
stages increases too.
However, it is worth mentioning that the improvements
achievable via MC measurements are probabilistic. In-
deed, the average entanglement and fidelity of Eqs. (19)
and (20), which correspond to ME discrimination, are
higher than the averages of Eqs. (45) and (46) obtained
by SMC measurements when a fixed number βMs of stages
are employed, as Fig. 8 indicates considering βMs = 1, 2,
and 3 as upper bounds. Additionally, if the number of
stages βMs that worth implementing is adequately chosen
for each possible value of s, the average values of entan-
glement and fidelity are larger than the ones of the case
of fixed stages, as Fig. 9 shows, but are still smaller than
the average obtainable by means of the standard pro-
cedure. These results were expected because the largest
average fidelity of transformation of a pure bipartite state
into another using local operations and classical commu-
nication is achieved deterministically rather than prob-
abilistically [67]. Such a behavior was also numerically
shown in Ref. [65] for quantum teleportation. Since the
processes involved in ES are similar to the ones used in
quantum teleportation, a similar nature about the av-
erage of both the entanglement and the fidelity was ex-
pected.
When we restrict ourselves to the successful cases only
and when the number of stages βMs is adequately cho-
sen for each attainable s, the average of the figures of
merit increases due to the postselection that discards the
unsuccessful cases. As Fig. 10 indicates, the averages
are now larger than the ones of the standard procedure.
However, according the number of stages increases, the
averages decrease. This behavior shows a good agree-
ment with the one exposed in the previous figures.
V. SUMMARY
We have studied the entanglement swapping protocol
for entangled states whose Schmidt number is not maxi-
mal. Depending on the experimental resources, a reduc-
tion to a smaller effective system in which the Schmidt
number is maximal can be carried out or not. When
it is not possible to do so, the protocol can contain the
problem of discriminating among sets of linearly depen-
dent states, for which two strategies were studied: ME
and MC discrimination. When the aforementioned re-
duction is achievable, the states to be discriminated are
linearly independent, MC reduces to UD, and both ME
and UD are suitable. The latter strategy can be consid-
ered as a particular case of MC discrimination when it
is applied on linearly independent states. An important
difference between these strategies lies in the fact that
ME is a deterministic operation and reproduces the op-
erations performed in the standard ES protocol, whereas
that MC and UD are probabilistic processes. Regardless
which is the linear dependence of the states being han-
dled, the use of the probabilistic strategy allows us to
enhance some figures of merit such as entanglement and
fidelity when a first stage of MC measurements is set
up. Furthermore, when the probabilistic approach fails,
additional attempts can be done to extract information.
This is the core of sequential maximum confidence mea-
surements. Depending of the Schmidt coefficients of the
initial pairs of particles, it is possible to perform several
stages of sequential maximum confidence measurements
that outperform the standard protocol. Moreover, the
existence of additional stages can increase the probability
of enhancement of the protocol. However, these improve-
ments are probabilistic: both entanglement and fidelity,
when averaged over every possible measurement result,
fall behind the averages obtained by ME measurements.
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